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050 = cos ks. Hence in these two cases, the sign of the radical is unambiguous. If k is real, however, XQ may be either positive or negative, and hence either sign of the radical may be taken. Hence :
Ifkis zero or pure imaginary, any point of 2 corresponds to one and only one point of S; while if k is real, any point of 2 may correspond either to one or to two points of S according as a\ and — x. are the coordinates of the same or of different points of S.
On the other hand, any point of S corresponds to as many
points of 2 as there are different sets of coordinates belonging to
the point of S.    To follow this more in detail, let us consider the
point 0 which corresponds in 2 to the point (0:0:0:1).    If 0
|                 has other coordinates it must be possible to draw 9 geodesic line
^.                from 0 which shall again return to 0.    This follows from the
'"'                  expressions for the coordinates.    Let us call this line g.    Corre-
;"',?'               spondingly, we have in 2 a straight line 7 connecting two points
;                  o and o', each of which corresponds to 0.    The length of g, and
,j                 hence of 7, most be less than the quantity R which occurred in
;j                 the definition of /S0: for all lines of length R or less, radiating
from 0 determine points in  /S0, in which no closed line is pos-
\ \                    sible.    Since any point of space may be taken for 0, we may say :
f                          Two points in 2 which correspond to the same point in 8 can not
. j   ;  !               be nearer together than a certain finite quantity.
I ' 'i
!   f
'^ !;• "                9. FORMS OF SPACE WHICH ALLOW FREE MOTION AS A
1 \ "f
\ 'I  ,                                                       WHOLE.
!; J;                    We are to examine in this paragraph the results of assuming
',                 that the displacement of Sn caused by a displacement of 80 is
(f j                 independent of the manner in which 8n is connected with S0; that
|f!  ;i              is, it is independent of the chain of bodies 80, 8V - • -, 8n.    In this
pt;   \'              case any displacement of SQ imparts a unique displacement to each
f I     :              and every point of space.    We express this by saying that space
I 111    \              allows free motion as a whole.    We assert:
' 1 Jri    '                   If 8 allows free motion as a whole} any point of S corresponds to
f:[ yi                  one cvnd only one point of 2.